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Abstract We consider the classification problem by learning from samples
drawn from a non-identical sequence of probability measures. The learning
algorithm is from Tikhonov regularization schemes associated with convex loss
functions and reproducing kernel Hilbert spaces. Our main goal is to provide
satisfactory estimates for the excess misclassification error of the produced
classifiers.
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1 Introduction

In a binary classification problem, input points are from an input space which
is a compact metric space X and outputs from Y = {1, —1} representing two
classes. A classifier C is the map C : X — Y that makes a prediction y = C(x)
for each x € X.

To model two possibilities of outputs in Y, we assume that each x € X is
assigned a probability measure p, on Y. If a probability measure px on X
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98 Q.-W. Xiao, Z.-W. Pan

represents the distribution of input points, we can define a probability measure
p on Z =X xY with py being its marginal distribution on X and p, its
conditional distribution at x € X. Then the prediction ability of a classifier is
measured by the misclassification error defined to be the probability of wrong
prediction

R(C) = Proby yye(z,mly #C(x)}.

The best classifier that minimizes the misclassification error is the Bayes rule
given by

_ L it ey =1 = pu(y = 1),
Jel) = {—1, it pe(y=1) < pely = —1).

However, f. is usually unknown since the underlying measures p, are
unknown.

The classification problem in learning theory aims at learning f, from a
finite sample z = {z; = (x;, y)}12, € Z™. Classifiers considered in this paper
are induced by real-valued functions f : X — RasC = sgn( f). For algorithms
involving continuous functions, a loss function ¢ : R — R is used to measure
how the output y differs from sgn( f(x)) with error ¢ (yf(x)).

Definition 1 A function ¢ : R — R, is called a classifying loss function if it is
convex, ¢’ (0) < 0, and the smallest zero of ¢ is 1.

For instance, the hinge loss ¢, (f) = max{l — ¢, 0} for the support vector ma-
chine (SVM) [11] and the least-square loss ¢s(f) = (1 — 1) [10] are classifying
loss functions.

Learning algorithms here are kernel methods. A Mercer kernel K :
X x X — R is a continuous and symmetric function such that the matrix
(K(x;, x j))Q =1 is positive semidefinite for any finite set of points {x|, ..., x;} C
X. The Guassian function K, (x, x') = exp{—|x — x'|?/(2¢?)} with variance o is
an example of Mercer kernel, and it is C* on X x X. The reproducing kernel
Hilbert space H associated with the kernel K is defined to be the completion
of the linear span of the set of functions {K, = K(x, -) : x € X} with the inner
product (-, -)x given by (K, K,)x = K(x, x'). The reproducing property takes
the form

(Ky, flk = f(x) VfeHk xeX (1.1)
Denote k = sup, y +/ K(x, x), then (1.1) tells us that
I fllo <l fllk, Vfe€Hk. (12)

The Tikhonov regularization scheme associated with a loss ¢, a Mercer
kernel K and a finite sample z € Z™ is given [3] by

fas = arg min [E2(H+AIfI%). (1.3)
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Learning from non-identical sampling for classification 99

where A = A(m) > 0is a regularization parameter and &Y is the empirical error
given by

1 m
& =— Y ¢0ifx).
i=1

The minimization over a possibly infinitely dimensional space Hx indicates
good approximation ability of the scheme (1.3), while a representer theorem
[12] ensured by the reproducing property (1.1) tells us that a solution to
(1.3) takes a form f,, = > i, c;iKy, with {¢;} solved by a convex optimization
problem over R™.

There is a large literature on convergence rates of the classification algo-
rithm (1.3), e.g., [9, 13-15, 17]. These results are stated under the assumption
that the sample z is drawn from p identically and independently.

A setting of online learning with non-identical sampling was considered for
the purpose of regression in [8] and for classification in Hu and Zhou (un-
published manuscript). Following the framework there, we assume a sequence
of Borel probability measures {p”};,—;».. on Z such that the conditional
distribution of each p® at x € X is py, independent of i. Throughout the paper
we also assume the independence of the sampling, that is, {z; = (x;, yi)}i=1.2...
is a sample drawn from the product probability space I1;—; .. (Z, p©).

For the error analysis we assume a polynomial convergence of the marginal
distributions in the dual (C°(X))* of a Holder space C*(X) with 0 <s < 1.

Recall that C*(X) is the space of all continuous functions with the norm

I flleao = 1 fllea + | Flo finite, where | fler = sup,,, LO=I

Definition 2 Let 0 < s < 1. The sequence {pg?}izlqzw is said to converge poly-
nomially to a probability measure py in (C°(X))* if there exist C, > 0 and
b > 0 such that

1o% — pxllcxy < Cpi™®, YieN. (1.4)

Note that the above definition can also be written as

‘/ﬂmwg—/fmwx
X X

Such a sequence of probability measures can be generated by iterations of
integral operators associated with stochastic density kernels acting on an initial
probability measure [8] .

The main goal of this paper is to show that for the non-identical sampling
setting satisfying (1.4), the classifier sgn(f;,) can learn f. well. The learning
ability, also known as learning rate, is measured by excess misclassification
error R(sgn( fz,)) — R(f.), which is expected to be small when m is large. The
probability for R is taken with respect to the probability measure p on Z. Let
us demonstrate our error analysis by two examples of special loss functions.

The first example corresponds to the hinge loss ¢y,.

< Cpi | fllescxy, ¥ feC(X), ieN. (1.5)
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100 Q.-W. Xiao, Z.-W. Pan

Theorem 1 Let ¢ = ¢y. Assume (1.4) for the marginal distributions {pg? }, K to
be C* with X C R", and for some 0 < g <1, Cg > 0,

inf {If— felley, + 2 fI%) < Cprf, VA >0, (1.6)
feHk X

Let)<e < % Then for any 0 < § < 1, with confidence 1 — § we have
R(sgn(fz1)) — R(fe)
Chlog%max m_%,m_%“}, ifb > 1,k=m_ﬁ,

< Chlog;—‘max m_%(l—i—logm),m—%ﬂ}, ifb = 1’)\=m—ﬁ’
Cilog 3 max {m™ i mt+e], if0<b <1, h=m 7,

where Cy, is a constant independent of m or é.

The second example corresponds to the least-square loss. Define the regres-
sion function

fr(x) =p(y = 1)—px(y=—1)=/yydpx, xe X,
then f. = sgn(f,).

Theorem 2 Let ¢ = ¢y5. Assume (1.4) for the marginal distributions {pf\i,)}, K to
be C* with X C R", and for some 0 < g <1, Cg > 0,

inf {[f— follez + Al fllk) < CpaP, VA >0. (1.7)
fGHK X

Denote ¢ = max{2(1 — B), 1}. Forany 0 < ¢ < %, with confidence 1 — § we have

R(sgn(fr)) — R(f)

__B_ 1 . __2

Clslogg—‘max m HZﬁ,m_i”}, ifb>1,A=m &%,

__B_ 1 . __2

< Clslogg—‘max m 5+2ﬁ«/1+logm,m_i+5}, ifb=1,A=m &%,
4 _ b8 N S . _ 2
Clsloggmax m T¥ m2 , ifo<b <1, A=m @5,

where Cys is a constant independent of m or §.

Remark 1 Conditions (1.6) and (1.7) measure how fast f. and f, are approxi-
mated by functions from H in the metric £, and £} respectively. They can
be stated as some interpolation space conditions for f. and f,.

Remark 2 1t is observed that if b > 1, both learning rates for hinge loss and
least-square loss are independent of b. Moreover, if § > %, the learning rates

are arbitrarily close to m~2, which is the same as that in the i.i.d. case [4,6,7,
13, 16] .
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Remark 3 In the current non-iid setting, learning rates for an online classi-
fication algorithm presented in Hu and Zhou (unpublished manuscript) are

They lead to confidence-based estimates of type O(m~?/8) by the Chebyshev
inequality. Our results in Theorems 1 and 2 are in a stronger confidence-based
form with } replaced by log $.

We will bound the excess misclassification error of sgn(f;,) for gen-
eral classifying loss functions, including hinge loss and least-square loss, in
Section 2. They are obtained from the analysis in Section 3 and finally proved
in Section 4.

2 Framework with a general loss

In this section, we state learning rates for the algorithm (1.3) associated with a

general classifying loss ¢. This is done under the polynomial convergence (1.4)

of the marginal distributions and some assumptions for the triple (¢, K, p).
Denote

f2(x) = argmin {E?(f) : f is a measurable function on X}

where £?(f) is the generalization error defined by
eh = [ susends.
z

Itis shown in [13] that f? can be chosen such that f¢(x) € [-1, 1] forallx € X.

The following lemma proved in [17] and [1] tells us that a classifier sgn( f)
has a small excess misclassification error if f has a small excess generalization
error E(f) — EP(f2).

Lemma 1 If ¢ is a classifying loss such that ¢” (0) exists and is positive, then for
any measurable function f: X — R, it holds that

R(sgn( ) — R(f,) < con/ E(f) — E2(f2) 2.1)

for some ¢y > 0. Moreover, if ¢ = ¢, then

Rsgn( ) — R(fo) < E°(f) — EP(fD). (22)

Since & is an empirical version of £, we would except that f,, approxi-
mates fg’ asm — oo and A — 0. This is actually true if f;f can be approximated
by the regularization function

fi = arg min {E(/) + 21 fIik} (2.3)
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102 Q.-W. Xiao, Z.-W. Pan

The approximation ability is measured by the decay of the regularization error
D) =E2(f) = EP(fD) + Ml filk = min {E2(H = (D) + A flik}
K

and the decay rate is described by
D) < Cprf, YO <<, (2.4)

for some 0 < 8 < 1and Cy > 0.
The approximation of f; by f,, involves the capacity of the function space
Hx. Here the capacity is measured by the covering number of balls Br =

{feHk:IIfllk <R}

Definition 3 Let S be a metric space and n > 0. We define the covering number
N (S, n) to be the minimal / € N such that there exists / disks in S with radius
covering S.

Denote the covering number of B; in C(X) with the metric || - | by N (1).

Definition 4 We say that Hg has polynomial complexity exponent r > 0 if for
some C, > 0,

log N'(n) < C(1/m)", Vi > 0. (2.5)
It was shown in [19] that (2.5) holds if X C R” and K € C*/"(X x X). In

particular, for those K € C*(X x X) like Gaussian kernels, (2.5) is valid for
arbitrary r > 0. See also [18].

Definition S We say that the kernel K satisfies the kernel condition of order s
if for some kg > 0,

KeC(X xX), |K(x x)—2K(x, x)+ KX, x)| <«ix—x|>,
Vx xeX. (2.6)
For any 0 < s < 1, (2.6) is satisfied if X € R” and K € C*(X x X) [20]. In

particular, (2.6) holds for K = K, andany 0 < s < 1.
The following concepts describe the increment and convexity of ¢.

Definition 6 We say that ¢ has the increment exponent p > 1 if for some
C, >0,

lp(0)] < CpltlP, VIt > 1. (2.7)

Also, ¢ has the derivative increment exponent q > 0 if for some C; > 0 and
almost every ¢t > 1,

l¢' ()] < Cylt]?. (2.8)
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Definition 7 A variance power t of (¢, {p }) is a number 0 < t < 1 such that
for some constant C; and any || f|l <1,

f [ (vf () = (V7 NP dp < C, [ / P (yf(x)dp" — f P f(x) dp“"}

(2.9)
holds for each i.

Note that (2.9) holds with 7 =0 and C, = 2C§ if (2.8) holds for some gq.
Larger 7 are possible when ¢ has high convexity, or some noise conditions [5]
are satisfied.

An essential difference between the regression setting and the classification
one lies in improvement caused by a projection operator. Define a projection
operator 7 by

1, if f(x)>1,
() =1 fx), if-1<f(x) =<1, (2.10)
-1, if f(x) <—1.

Now we can state our main results on learning rates of the algorithm (1.3)
with non-identical sampling for a general classifying loss function.

Theorem 3 Let f, € C°(X) and fy¢(yfg’(x))dpx(y) € C°(X) for some 0 < s <
1. Assume that the kernel K satisfies (2.5) with r > 0 and (2.6), the loss ¢ satisfies
(2.7) with p > 1 and (2.8) with q > 0, the triple (¢, K, p) satisfies (2.4) for some
0<pB <1 Let \=m™" with y <2/r. If the sampling sequence {p®} satisfies
(1.4) and (2.9), then with confidence 1 — 8, we have

l—ry/Z}
* 42—t

~ 4 1 min{By e
EV((fur)) — EP(fP) < Clog 3 max (—) s wp(mym= ¢,

m

where { = max{(1 — B)p, (1 — B)(g+ 1), 1},
m™, ifo<b <1,

wp(m) = { 2 e =, (2.11)
n%’ ifb > 1,

and C is a constant independent of m or 6.

As a corollary, when X C R” and K is C*°, we can take arbitrarily small r in
Theorem 3 and get the following learning rates.

Corollary 1 Under the assumption of Theorem 3, if b > 1, X CR" and K

is C®, and if B < max{z(l 5 max{";a;fl}qg(l 51, then with confidence 1 -3,
we have

~ 4 (1 Frmax((—prp.(-path 1)
£ (r(fy)) — E°(f}) = Clog 5 (E) _
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3 Error analysis

This section is devoted to estimates for the sample error.

3.1 Error decomposition

Recall the projection operator m defined by (2.10). While the identity
R(sgn(m(f))) = R(sgn(f)) holds true for any measurable function f, the
minimal zero 1 and the convexity of ¢ tells us £2((f)) < E2(f). So we can
bound the excess misclassification error by £%(( f,)) — E%( f;f) instead of

E2(f,2) — E2(f2).

In the literature of error analysis for regularized classifiers, the excess
generalization error is usually decomposed into two parts, sample error and
regularization error (e.g., [13] and [14]). In this paper, another type of error
caused by non-identical sampling should also be considered.

Denote

1 — .
e =3 [ o0ren . (3.1)
i=1

Since the conditional distributions for each i are the same, we know that f/‘f
also minimizes 5. Then our error decomposition can be done as follows.

Lemma2 Let f,; be defined by (1.3), and f; by (2.3). Then we have

EV((fr)) — EP(fD) < {[E2((fun)) — EL(fra)] + [E5(f) — E2 (]
H{IEn T (fai)) = ELDN = [E] ((fur)) — £/ (FD1}
H{IEL () = EL D= [EL(F) — ELDN + Dg)z.)

Proof By the definition of f;;, we have
EL T (fo)) + M furllk < EL o) + A fusllie < ELCL)+ M Ll (33)
It follows that
EV(fr)) = EP(FD) + Ml furllk < (€2 (fu)) — €2 ()]
+{EL T (fui)) + Ml furllk — E2(f))
+E(f) —EN(fD)
<&@ (fur) — EX (T (fur))}
+{&(f) —E2(f)
+{E2(F) — E2(D) + Al fllk)
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which can be bounded further by
{IE2((fr)) = E2 (D] = [E) ((for)) — EF (D1}
+{IE2 () = E2CINT = [E7(f) — EP ([T} + DX,
By adding and subtracting the quantities [5}’2 ((fz2)) — 5}’2( fg’)] and
[E0( i) — X f;f’)], we obtain the desired bound. O

In the bound (3.2), the first term is caused by the drift of non-identical
measures p from p, so it is called the drift error. This is an essential error
appearing in the non-identical setting and will be treated in Section 3.2. The
second and third terms are called the sample error which is caused by drawing
the sample from each p® and will be handled in Section 3.3.

3.2 Estimating drift errors
Before discussing the drift error, we estimate C* norms of some functions.
Lemma 3 Under the assumption of (2.4), (2.7) and (2.8), we have

lp T fr) s < ksCqCoAT7 +C, (34)

and

C s = max{p,q+1}
||¢(f/\)||CS(x)§<CP+ q”){(x i) +1}. (35)

K

Proof Since
¢ (f(x) —p(f(x))]
| f(x) — f(x)]
for any f € C°(X), we have
6()lescx) = sup lp(f(x) —p(f(X))]

X#X |)C - x,|S

S NS N L1 il Fllnc]

<N N Lty flt f11l Flescry- (3.6)

With the reproducing property (1.1) we know that for any f € Hg,

|f0) = FOD = 1(f, K = Ke)l < [ Flev/TK(x, %) = 2K, (x, X)) + Ko (X, ).

It follows from the kernel condition (2.6) and |7 ( f)(x) — 7z (f)(xX)]| < | f(x) —
f(x)] that

[T(HDlewxy <1 flewx = sup If(X)_—]/C(gX)'
x,xeX |x —X |

<kl flix- (3.7)

Taking f = 0 on the right side of (1.3), we have

I ferllk = v/ (0)/A. (38)
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Note from the convexity and the minimal zero 1 of ¢ that ¢(0) < ¢(—1) < C,.
It follows from (2.8), (3.6) and (3.7) that

lp (T (foo))lox < Cylm(fu)lesx < Cyl farlox < KquCg)w_%-

Then (3.4) holds since (2.7) implies ¢ (7 ( fr,5.,) lcx) < Cp.
Under the assumption (2.4), we have

p-1
I fillcoxy <kl fillk < .y/Cph 7. (3.9)

It follows from (2.7) and (2.8) that

B

16 fllecr < Cpmax{ll fill 2y, 1} < Cpmax{kPCa "5 1)

Applying (3.6) and (3.7), we also get

qB=1

lp(fidlosxy < Cqmax{x1Cia >

g [Cad T

Then we see (3.5) by discussing in two cases of K‘/Cﬁ)\,% <1 and

K\/Ciﬂ)»% > 1. O
Now we can estimate the drift error.
Lemma 4 Assume (2.4), (2.7), (2.8), and (1.4). Then we have
€40 = E2(F)] = Craop () 35 mnipast ] (3.10)
and
E9Gr(fu) = Ehx(fu))] = Coonm) (A7F +1) (3.11)

where C and C, are constants given by

- C K max{p,q+1}
Ci=GCoCpy 4+ I follesny) <Cp + :i ) {(K\/CTS) + 1}

Co = GGy (44 1 fyllen) (G Cp + C)

with
ﬁ, ifo<b <1,
Cp =11, ifb =1,
o, ifb > 1
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Proof Denote
ai= [ o0rwde - o),
Since P(y = 11x) = (1 + f,(x))/2 and P(y = —1[x) = (1 — f,(x))/2, we have
i /X {HTW")(f*(x)) + I_Tf”(x)qs(— fx(x))}d(pg? —ox)

< %Chifb{ 11+ £,) ¢ (f)

Observe that

P (N ATICTA] e
I felcx < I fllccoliglew + I fllesanliglicon-
Since |(1 + f)llcxy <2and (1 + f)llesexy <2+ 11 follesex), we have
[(1+ f,) () oo = 2e(llex + 2+ Il follescxn) e (fllecx-

The same bound is valid for || (1 — f,) ¢(— f.)
bounded in Lemma 3, we have

~ C Ky st max{p,q+1}
A < Gpi™" (44 1 follesxn) <Cp+ p ){(K Cpn ) " 1}'

1 s
C) Then with the C° norms

Notice that
1 m
E[)—ENf)=—) A
n(F) =& (f) =— ;
Then the bound (3.10) follows by applying the following elementary inequality

%which ;Js de(l)rive;l fromNZ?;l F<14+X0 [ xPde <14 [" x"Pdx) valid
orany b > 0andm e

Lm!P, ifo<b <1,
11 1 1=b _
1_b+2_b+"'+ﬁs l1+logm, ifb =1, (3.12)
22, ifb > 1.
The bound (3.11) is proved in the same way. o

3.3 Estimating the sample error with non-identical sampling

With proper probability inequalities, bounding the sample error for the non-

identical sampling case has no significant difference from that for the identical

sampling case, which has been extensively studied. Therefore, proofs in this

subsection are simplified because they are similar to those in Chapter 10 of [2].
The following one-side Bernstein inequality is standard.
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Lemma S5 Let {§}", be independent random variables on a probability space
Z with means {1;} and variances {0[2} satisfying 1&;(z) — il < M for each i and
almostall z € Z. Let £2 = Y1 6. Then for every & > 0,

Prob L i[i—‘ — Wil > e <exp —L . (3.13)
m ' ' - 2 (22 + imMe)

i=1

The sample error involving f; can be bounded by Lemma 5 as
Proposition 10.18 in [2] by noticing (3.9).

Lemma 6 Assume (2.4), (2.7), and (2.9). With confidence 1 — §/2, the quantity
[£7 () — EL (D] — [Em( ) — En(f)]is bounded by

pB=1) 1
2

1

A =
, (—) }+5$(fx) )
m

4
Cgp p i log 3 max {

where Cg p ¢ == chKpcg/Z +(Cp+ 2cl/e)y)

Lemma 5 cannot be used to bound directly the sample error term involv-
ing fz.,, since the function depends on the sample z. The probability inequal-
ity we would use should work for a set of functions, not a single one. The
following inequality follows by a standard argument with covering numbers,
as Lemma 10.20 in [2].

Lemma7 LetO<t <1, C;, M >0, and G be a set founctions on Z such that
foreachg e Gandi=1,....m, ui(g) = [, g2)dp® >0, ||g — wi@lex, =M,
and pi(g*) < Co(1i(8))". Then for any & > 0,

Ly oy Lo )
Pmbi L ile) = & Y0 8 4512}

sup 2

0 LS Guite)r +er

m82—r
2(CT + %M&lff) i

sN(g,s)exp{—

Then we can estimate the sample error part involving f; ; as follows.

Lemma 8 Assume (2.5), (2.7), (2.8), and (2.9). If » > m~%/", then for any
constant 0 < § < 1, with confidence 1 — §/2, we have

[E0GT(fun)) = EQCIDT = [EF (m(fri)) — EL(FD]

log2/H\7 ([ 1 \7| 1
scp,q,r,fmax{(og(/)) ( ) }+5[5$(7T(fz,/\))—5$(fg)],

m mM/2

where Cp g := 96 (max{C,, Cy, C,, C;, 1})2.
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Learning from non-identical sampling for classification 109

Proof From (3.8) we know that f,; € {f € Hg: | flx < @O)/r}. Apply
Lemma 7 to the set

G ={o0m(HGN =G f) : 1 flk < Vo0)/2]

satisfying the assumption with M = 2¢(—1). Also, the covering number can be
bounded as N'(G, &) < N(B gy €/1¢/.(—=1D). We know from Lemma 7 and
the inequality

T 1
\/(&f.(n(f)) —ERD) e detE < 2 (ERGT() — ELSD) + 126

that with confidence at least 1 — §/2 there holds for every f € B 5w,

1
[En () = ELUN = 1EL () = ELDT = 126" + S [E1(x () = ELUD]
(3.14)
where ¢* is the smallest ¢ satisfying

NAOIACSIAY me> 5
C, — < log —.
( Ve 2C, 1 Ip(—heit 82

This inequality can be written as

e 10 24 e o (YEOWLEDI 4
€ 10g83m¢( De Cr( i 3m¢( De

> 0.

log=¢"— C
m et " A m

20, 2 <¢_¢<0>|¢;<—1)|>’ 2,
)

By Lemma 7.2 of [2] we know that

NOUTAGVA (SCyn)
Vi 3m ’

. 2 16
&* < max logg?’—md)(—l),

log =
mog(S

NG

m

(scf 2) ye-o (W |¢’+(—1)|)” e <scf a) 2o ]

Since A/?m > 1 we have

log(2/8)\ /2= | 1/(r+2-1)
e < S(max{C,,,C,,,C,, C,, l})zmax{(M> , < > .

m mA/2

Putting this bound for ¢* into (3.14) and taking f = f;,, we see that the desired
estimate holds true. ]
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4 Deriving learning rates
Now we can prove our main result on learning rates.

We should put the error bounds got in Lemmas 4, 6 and 8 into (3.2) to derive
the learning rate in Theorem 3.

Proof of Theorem 3 First we apply Lemmas 6 and 8. We know that with
confidence 1 — §,

{IEL (o)) — ELFDT = [E2 (m(fo2)) — EL (1)
+{IEL(f) — EX (D= 1EL(f) — ELID

1 1 p(B=1
4 1 [ 1 2t XT3
= (CPJIJ,Z + Cﬁep,r,l() log E max : (E) ’ (mkr/2> " m }

1
+5 [En (o)) = ELUD] + EL (L) = ELUTD.

Next we combine the above bound with Lemma 4 and (3.2) and (2.4)
and know that with confidence 1— 3§, the quantity £?(n(f,.2)) — E?(fP) is
bounded by

1 J pB-=1
4 1\ 2= 1 2t XT3
(Cpgre +Cgpri)log 3 max { (E) , (—mk’ﬂ) ) }

m
] C
+2C, w0 (m) {,\%m‘“{f’v“” + 1} n 72(1)1, (m) (r% + 1) + CpaP

1
+ 5 [E2 @ (fun)) = ELUD].

Then we observe that

1 &
5¢(fg)—5$(ff)=/)({/y¢(Yff(x))dPx(y)}d<pX—Engl())
i=1

1 <
< / P f7 ())dpx(y) px—— 0%
Y @ = ey
It follows from (3.12) that
EVFD = En(fD) < ” f P (YL 0))dpi(y) Cy, Cpop (m).
Y C(X)
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Thus we see that

Er(fr)) — EX(f?) < Clog ? max { <1> T
) m

|\ | \mA=)p. =)@+, 1]
, wp (M = 5
<mk’/2> 2 )(ﬁ)

6 = 2(Cp,q,r,1: + Cﬂ,p,‘[.K) +8C; +2C, + 2C/3

where

+2 / SfP ()| CyCo.
Y X
Finally if we take A = m™" with y < 2/r, we know that with confidence
1-3,
_ 4 |\ By, 522) ;
EV((fu1)) — 5¢’(fg’) < Clog 3 max (—) , wp(Mmym?
m
This proves Theorem 3. O

Theorems 1 and 2 are concluded from Theorem 3 and Lemma 1.

Proof of Theorem 1 For the hinge loss ¢y, we cantake p = 1, = 0,7 = 0, and
f = fe. Then ¢ = max {p(1 = B), (@ + (1 = B), 1} = 1.

Since K € C*(X x X), r can be arbitrarily small, and m_% < mite
holds. y

Ifb > 1,take y = ﬁ,then mTwp(m) =m P =m T
28

IfO<b < 1,takey = %, then m§wb (m)=m"P =m 75,

Ifb =1,take y = ﬁ, then m7# < myzicub (m) = mf%(l + logm).
With (2.2) and Theorem 3, we can get the result of this theorem with C;, = C.
]

Proof of Theorem 2 For the least-square loss ¢y, we can take
p=2 gq=1, t=1, and f?=f, Then ¢=max{2(1-p), 1}=
max {p(1 —B), (g + DA - p), 1} )

Since K € C®(X x X), r can be arbitrarily small, and m~ @5 < m~1+2
holds.

28
Ifb > 1,take y = ﬁ, then m="% = m™> wp (m) = m 7% .
2b
IfO<b < 1,takey = %,then mvP = mwab(m) = m_ﬁ.
28
If b =1,take y = ﬁ, then m~7f < m§wb (m) = m#% (1 4+ logm).

Thus, Theorem 2 follows from (2.1) and Theorem 3 with C;; = C¢\/E. ]
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