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Abstract We consider the classification problem by learning from samples
drawn from a non-identical sequence of probability measures. The learning
algorithm is from Tikhonov regularization schemes associated with convex loss
functions and reproducing kernel Hilbert spaces. Our main goal is to provide
satisfactory estimates for the excess misclassification error of the produced
classifiers.
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1 Introduction

In a binary classification problem, input points are from an input space which
is a compact metric space X and outputs from Y = {1, −1} representing two
classes. A classifier C is the map C : X → Y that makes a prediction y = C(x)

for each x ∈ X.
To model two possibilities of outputs in Y, we assume that each x ∈ X is

assigned a probability measure ρx on Y. If a probability measure ρX on X
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represents the distribution of input points, we can define a probability measure
ρ on Z = X × Y with ρX being its marginal distribution on X and ρx its
conditional distribution at x ∈ X. Then the prediction ability of a classifier is
measured by the misclassification error defined to be the probability of wrong
prediction

R(C) = Prob(x,y)∈(Z ,ρ){y �= C(x)}.
The best classifier that minimizes the misclassification error is the Bayes rule
given by

fc(x) =
{

1, if ρx(y = 1) ≥ ρx(y = −1),

−1, if ρx(y = 1) < ρx(y = −1).

However, fc is usually unknown since the underlying measures ρx are
unknown.

The classification problem in learning theory aims at learning fc from a
finite sample z = {zi = (xi, yi)}m

i=1 ∈ Z m. Classifiers considered in this paper
are induced by real-valued functions f : X → R as C = sgn( f ). For algorithms
involving continuous functions, a loss function φ : R → R+ is used to measure
how the output y differs from sgn( f (x)) with error φ(yf (x)).

Definition 1 A function φ : R → R+ is called a classifying loss function if it is
convex, φ′(0) < 0, and the smallest zero of φ is 1.

For instance, the hinge loss φh(t) = max{1 − t, 0} for the support vector ma-
chine (SVM) [11] and the least-square loss φls(t) = (1 − t)2 [10] are classifying
loss functions.

Learning algorithms here are kernel methods. A Mercer kernel K :
X × X → R is a continuous and symmetric function such that the matrix
(K(xi, x j))

l
i, j=1 is positive semidefinite for any finite set of points {x1, . . . , xl} ⊂

X. The Guassian function Kσ (x, x′) = exp{−|x − x′|2/(2σ 2)} with variance σ is
an example of Mercer kernel, and it is C∞ on X × X. The reproducing kernel
Hilbert space HK associated with the kernel K is defined to be the completion
of the linear span of the set of functions {Kx = K(x, ·) : x ∈ X} with the inner
product 〈·, ·〉K given by 〈Kx, Kx′ 〉K = K(x, x′). The reproducing property takes
the form

〈Kx, f 〉K = f (x) ∀ f ∈ HK, x ∈ X. (1.1)

Denote κ = supx∈X

√
K(x, x), then (1.1) tells us that

‖ f‖∞ ≤ κ‖ f‖K, ∀ f ∈ HK. (1.2)

The Tikhonov regularization scheme associated with a loss φ, a Mercer
kernel K and a finite sample z ∈ Z m is given [3] by

fz,λ = arg min
f∈HK

{
Eφ

z ( f ) + λ‖ f‖2
K

}
, (1.3)
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where λ = λ(m) > 0 is a regularization parameter and Eφ
z is the empirical error

given by

Eφ
z ( f ) = 1

m

m∑
i=1

φ(yi f (xi)).

The minimization over a possibly infinitely dimensional space HK indicates
good approximation ability of the scheme (1.3), while a representer theorem
[12] ensured by the reproducing property (1.1) tells us that a solution to
(1.3) takes a form fz,λ =∑m

i=1 ci Kxi with {ci} solved by a convex optimization
problem over R

m.
There is a large literature on convergence rates of the classification algo-

rithm (1.3), e.g., [9, 13–15, 17]. These results are stated under the assumption
that the sample z is drawn from ρ identically and independently.

A setting of online learning with non-identical sampling was considered for
the purpose of regression in [8] and for classification in Hu and Zhou (un-
published manuscript). Following the framework there, we assume a sequence
of Borel probability measures {ρ(i)}i=1,2,··· on Z such that the conditional
distribution of each ρ(i) at x ∈ X is ρx, independent of i. Throughout the paper
we also assume the independence of the sampling, that is, {zi = (xi, yi)}i=1,2,...

is a sample drawn from the product probability space �i=1,2,...(Z , ρ(i)).
For the error analysis we assume a polynomial convergence of the marginal

distributions in the dual (Cs(X))∗ of a Hölder space Cs(X) with 0 < s ≤ 1.
Recall that Cs(X) is the space of all continuous functions with the norm
‖ f‖Cs(X) = ‖ f‖C(X) + | f |Cs(X) finite, where | f |Cs(X) = supx �=x′

| f (x)− f (x′)|
|x−x′ |s .

Definition 2 Let 0 < s ≤ 1. The sequence {ρ(i)
X }i=1,2,... is said to converge poly-

nomially to a probability measure ρX in (Cs(X))∗ if there exist Cb > 0 and
b > 0 such that

‖ρ(i)
X − ρX‖(Cs(X))∗ ≤ Cb i−b , ∀ i ∈ N. (1.4)

Note that the above definition can also be written as∣∣∣∣
∫

X
f (x) dρ(i)

X −
∫

X
f (x)dρX

∣∣∣∣ ≤ Cb i−b‖ f‖Cs(X), ∀ f ∈ Cs(X), i ∈ N. (1.5)

Such a sequence of probability measures can be generated by iterations of
integral operators associated with stochastic density kernels acting on an initial
probability measure [8] .

The main goal of this paper is to show that for the non-identical sampling
setting satisfying (1.4), the classifier sgn( fz,λ) can learn fc well. The learning
ability, also known as learning rate, is measured by excess misclassification
error R(sgn( fz,λ)) − R( fc), which is expected to be small when m is large. The
probability for R is taken with respect to the probability measure ρ on Z . Let
us demonstrate our error analysis by two examples of special loss functions.

The first example corresponds to the hinge loss φh.
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Theorem 1 Let φ = φh. Assume (1.4) for the marginal distributions {ρ(i)
X }, K to

be C∞ with X ⊂ R
n, and for some 0 < β < 1, Cβ > 0,

inf
f∈HK

{‖ f − fc‖L1
ρX

+ λ‖ f‖2
K} ≤ Cβλβ, ∀λ > 0. (1.6)

Let 0 < ε < 1
2 . Then for any 0 < δ < 1, with confidence 1 − δ we have

R(sgn( fz,λ)) − R( fc)

≤

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ch log 4
δ

max
{

m− 2β

1+2β , m− 1
2 +ε
}

, if b > 1, λ = m− 2
1+2β ,

Ch log 4
δ

max
{

m− 2β

1+2β (1 + log m), m− 1
2 +ε
}

, if b = 1, λ = m− 2
1+2β ,

Ch log 4
δ

max
{

m− 2bβ

1+2β , m− 1
2 +ε
}

, if 0 < b < 1, λ = m− 2b
1+2β ,

where Ch is a constant independent of m or δ.

The second example corresponds to the least-square loss. Define the regres-
sion function

fρ(x) = ρx(y = 1) − ρx(y = −1) =
∫

Y
ydρx, x ∈ X,

then fc = sgn( fρ).

Theorem 2 Let φ = φls. Assume (1.4) for the marginal distributions {ρ(i)
X }, K to

be C∞ with X ⊂ R
n, and for some 0 < β < 1, Cβ > 0,

inf
f∈HK

{‖ f − fρ‖L2
ρX

+ λ‖ f‖2
K} ≤ Cβλβ, ∀λ > 0. (1.7)

Denote ζ = max{2(1 − β), 1}. For any 0 < ε < 1
2 , with confidence 1 − δ we have

R(sgn( fz,λ)) − R( fc)

≤

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Cls log 4
δ

max
{

m− β

ζ+2β , m− 1
2 +ε
}

, if b > 1, λ = m− 2
ζ+2β ,

Cls log 4
δ

max
{

m− β

ζ+2β
√

1 + log m, m− 1
2 +ε
}

, if b = 1, λ = m− 2
ζ+2β ,

Cls log 4
δ

max
{

m− bβ

ζ+2β , m− 1
2 +ε
}

, if 0 < b < 1, λ = m− 2b
ζ+2β ,

where Cls is a constant independent of m or δ.

Remark 1 Conditions (1.6) and (1.7) measure how fast fc and fρ are approxi-
mated by functions from HK in the metric L1

ρX
and L2

ρX
respectively. They can

be stated as some interpolation space conditions for fc and fρ .

Remark 2 It is observed that if b > 1, both learning rates for hinge loss and
least-square loss are independent of b . Moreover, if β ≥ 1

2 , the learning rates
are arbitrarily close to m− 1

2 , which is the same as that in the i.i.d. case [4, 6, 7,
13, 16] .
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Remark 3 In the current non-iid setting, learning rates for an online classi-
fication algorithm presented in Hu and Zhou (unpublished manuscript) are
of type Ez1,...,zm

(
R(sgn( fz)) − R( fc)

) = O(m−θ ) in an expectation-based form.
They lead to confidence-based estimates of type O(m−θ /δ) by the Chebyshev
inequality. Our results in Theorems 1 and 2 are in a stronger confidence-based
form with 1

δ
replaced by log 4

δ
.

We will bound the excess misclassification error of sgn( fz,λ) for gen-
eral classifying loss functions, including hinge loss and least-square loss, in
Section 2. They are obtained from the analysis in Section 3 and finally proved
in Section 4.

2 Framework with a general loss

In this section, we state learning rates for the algorithm (1.3) associated with a
general classifying loss φ. This is done under the polynomial convergence (1.4)
of the marginal distributions and some assumptions for the triple (φ, K, ρ).

Denote

f φ
ρ (x) = arg min

{
Eφ( f ) : f is a measurable function on X

}

where Eφ( f ) is the generalization error defined by

Eφ( f ) =
∫

Z
φ(yf (x)) dρ.

It is shown in [13] that f φ
ρ can be chosen such that f φ

ρ (x) ∈ [−1, 1] for all x ∈ X.
The following lemma proved in [17] and [1] tells us that a classifier sgn( f )

has a small excess misclassification error if f has a small excess generalization
error Eφ( f ) − Eφ( f φ

ρ ).

Lemma 1 If φ is a classifying loss such that φ′′(0) exists and is positive, then for
any measurable function f : X → R, it holds that

R(sgn( f )) − R( fc) ≤ cφ

√
Eφ( f ) − Eφ( f φ

ρ ) (2.1)

for some cφ > 0. Moreover, if φ = φh, then

R(sgn( f )) − R( fc) ≤ Eφ( f ) − Eφ( f φ
ρ ). (2.2)

Since Eφ
z is an empirical version of Eφ , we would except that fz,λ approxi-

mates f φ
ρ as m → ∞ and λ → 0. This is actually true if f φ

ρ can be approximated
by the regularization function

fλ = arg min
f∈HK

{
Eφ( f ) + λ‖ f‖2

K

}
. (2.3)
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The approximation ability is measured by the decay of the regularization error

D(λ) = Eφ( fλ) − Eφ( f φ
ρ ) + λ‖ fλ‖2

K = min
f∈HK

{
Eφ( f ) − Eφ( f φ

ρ ) + λ‖ f‖2
K

}
,

and the decay rate is described by

D(λ) ≤ Cβλβ, ∀ 0 < λ ≤ 1, (2.4)

for some 0 < β < 1 and Cβ > 0.
The approximation of fλ by fz,λ involves the capacity of the function space

HK. Here the capacity is measured by the covering number of balls BR =
{ f ∈ HK : ‖ f‖K ≤ R}.

Definition 3 Let S be a metric space and η > 0. We define the covering number
N (S, η) to be the minimal l ∈ N such that there exists l disks in S with radius η

covering S.

Denote the covering number of B1 in C(X) with the metric ‖ · ‖∞ by N (η).

Definition 4 We say that HK has polynomial complexity exponent r > 0 if for
some Cr > 0,

logN (η) ≤ Cr(1/η)r, ∀η > 0. (2.5)

It was shown in [19] that (2.5) holds if X ⊂ R
n and K ∈ C2n/r(X × X). In

particular, for those K ∈ C∞(X × X) like Gaussian kernels, (2.5) is valid for
arbitrary r > 0. See also [18].

Definition 5 We say that the kernel K satisfies the kernel condition of order s
if for some κs > 0,

K ∈ Cs(X × X), |K(x, x) − 2K(x, x′) + K(x′, x′)| ≤ κ2
s |x − x′|2s,

∀ x, x′ ∈ X. (2.6)

For any 0 < s ≤ 1, (2.6) is satisfied if X ⊂ R
n and K ∈ C2(X × X) [20]. In

particular, (2.6) holds for K = Kσ and any 0 < s ≤ 1.
The following concepts describe the increment and convexity of φ.

Definition 6 We say that φ has the increment exponent p ≥ 1 if for some
Cp > 0,

|φ(t)| ≤ Cp|t|p, ∀ |t| ≥ 1. (2.7)

Also, φ has the derivative increment exponent q ≥ 0 if for some Cq > 0 and
almost every t ≥ 1,

|φ′(t)| ≤ Cq|t|q. (2.8)
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Definition 7 A variance power τ of (φ, {ρ(i)
X }) is a number 0 ≤ τ ≤ 1 such that

for some constant Cτ and any ‖ f‖∞ ≤ 1,∫
[φ(yf (x)) − φ(yf φ

ρ (x))]2 dρ(i) ≤ Cτ

[∫
φ(yf (x)) dρ(i) −

∫
φ(yf φ

ρ (x)) dρ(i)
]τ

(2.9)
holds for each i.

Note that (2.9) holds with τ = 0 and Cτ = 2C2
q if (2.8) holds for some q.

Larger τ are possible when φ has high convexity, or some noise conditions [5]
are satisfied.

An essential difference between the regression setting and the classification
one lies in improvement caused by a projection operator. Define a projection
operator π by

π( f )(x) =

⎧⎪⎨
⎪⎩

1, if f (x) > 1,
f (x), if −1 ≤ f (x) ≤ 1,
−1, if f (x) < −1.

(2.10)

Now we can state our main results on learning rates of the algorithm (1.3)
with non-identical sampling for a general classifying loss function.

Theorem 3 Let fρ ∈ Cs(X) and
∫

Y φ(yf φ
ρ (x))dρx(y) ∈ Cs(X) for some 0 < s ≤

1. Assume that the kernel K satisfies (2.5) with r > 0 and (2.6), the loss φ satisfies
(2.7) with p ≥ 1 and (2.8) with q ≥ 0, the triple (φ, K, ρ) satisfies (2.4) for some
0 < β < 1. Let λ = m−γ with γ ≤ 2/r. If the sampling sequence {ρ(i)} satisfies
(1.4) and (2.9), then with confidence 1 − δ, we have

Eφ(π( fz,λ)) − Eφ( f φ
ρ ) ≤ C̃ log

4

δ
max

{(
1

m

)min{βγ,
1−rγ /2
r+2−τ

}
, ωb (m)m

γ ζ

2

}
,

where ζ = max{(1 − β)p, (1 − β)(q + 1), 1},

ωb (m) =

⎧⎪⎨
⎪⎩

m−b , if 0 < b < 1,
1+log m

m , if b = 1,
1
m , if b > 1,

(2.11)

and C̃ is a constant independent of m or δ.

As a corollary, when X ⊂ R
n and K is C∞, we can take arbitrarily small r in

Theorem 3 and get the following learning rates.

Corollary 1 Under the assumption of Theorem 3, if b > 1, X ⊂ R
n and K

is C∞, and if β < max{ 1
2(1−τ)

,
max{p,q+1}

max{p,q+1}+2(1−τ)
}, then with confidence 1 − δ,

we have

Eφ(π( fz,λ)) − Eφ( f φ
ρ ) ≤ C̃ log

4

δ

(
1

m

) 2β

2β+max{(1−β)p,(1−β)(q+1),1}
.
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3 Error analysis

This section is devoted to estimates for the sample error.

3.1 Error decomposition

Recall the projection operator π defined by (2.10). While the identity
R(sgn(π( f ))) = R(sgn( f )) holds true for any measurable function f , the
minimal zero 1 and the convexity of φ tells us Eφ(π( f )) ≤ Eφ( f ). So we can
bound the excess misclassification error by Eφ(π( fz,λ)) − Eφ( f φ

ρ ) instead of
Eφ( fz,λ) − Eφ( f φ

ρ ).
In the literature of error analysis for regularized classifiers, the excess

generalization error is usually decomposed into two parts, sample error and
regularization error (e.g., [13] and [14]). In this paper, another type of error
caused by non-identical sampling should also be considered.

Denote

Eφ
m( f ) = 1

m

m∑
i=1

∫
Z

φ(yf (x)) dρ(i). (3.1)

Since the conditional distributions for each i are the same, we know that f φ
ρ

also minimizes Eφ
m. Then our error decomposition can be done as follows.

Lemma 2 Let fz,λ be defined by (1.3), and fλ by (2.3). Then we have

Eφ(π( fz,λ)) − Eφ( f φ
ρ ) ≤ {[Eφ(π( fz,λ)) − Eφ

m(π( fz,λ))] + [Eφ
m( fλ) − Eφ( fλ)]

}
+ {[Eφ

m(π( fz,λ)) − Eφ
m( f φ

ρ )] − [Eφ
z (π( fz,λ)) − Eφ

z ( f φ
ρ )]}

+ {[Eφ
z ( fλ) − Eφ

z ( f φ
ρ )] − [Eφ

m( fλ) − Eφ
m( f φ

ρ )]}+ D(λ).

(3.2)

Proof By the definition of fz,λ, we have

Eφ
z (π( fz,λ)) + λ‖ fz,λ‖2

K ≤ Eφ
z ( fz,λ) + λ‖ fz,λ‖2

K ≤ Eφ
z ( fλ) + λ‖ fλ‖2

K. (3.3)

It follows that

Eφ(π( fz,λ)) − Eφ( f φ
ρ ) + λ‖ fz,λ‖2

K ≤ {
Eφ(π( fz,λ)) − Eφ

z (π( fz,λ))
}

+ {Eφ
z (π( fz,λ)) + λ‖ fz,λ‖2

K − Eφ( fλ)
}

+ Eφ( fλ) − Eφ( f φ
ρ )

≤ {Eφ(π( fz,λ)) − Eφ
z (π( fz,λ))

}
+ {Eφ

z ( fλ) − Eφ( fλ)
}

+ {Eφ( fλ) − Eφ( f φ
ρ ) + λ‖ fλ‖2

K

}
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which can be bounded further by{[Eφ(π( fz,λ)) − Eφ( f φ
ρ )] − [Eφ

z (π( fz,λ)) − Eφ
z ( f φ

ρ )]}
+ {[Eφ

z ( fλ) − Eφ
z ( f φ

ρ )] − [Eφ( fλ) − Eφ( f φ
ρ )]}+ D(λ).

By adding and subtracting the quantities [Eφ
m(π( fz,λ)) − Eφ

m( f φ
ρ )] and

[Eφ
m( fλ) − Eφ

m( f φ
ρ )], we obtain the desired bound. ��

In the bound (3.2), the first term is caused by the drift of non-identical
measures ρ(i) from ρ, so it is called the drift error. This is an essential error
appearing in the non-identical setting and will be treated in Section 3.2. The
second and third terms are called the sample error which is caused by drawing
the sample from each ρ(i) and will be handled in Section 3.3.

3.2 Estimating drift errors

Before discussing the drift error, we estimate Cs norms of some functions.

Lemma 3 Under the assumption of (2.4), (2.7) and (2.8), we have

‖φ(π( fz,λ))‖Cs(x) ≤ κsCqC
1
2
pλ− 1

2 + Cp (3.4)

and

‖φ( fλ)‖Cs(x) ≤
(

Cp + Cqκs

κ

){(
κ

√
Cβλ

β−1
2

)max{p,q+1}
+ 1

}
. (3.5)

Proof Since

|φ( f (x)) − φ( f (x′))|
| f (x) − f (x′)| ≤ ‖φ′‖L∞[−‖ f‖∞,‖ f‖∞]

for any f ∈ Cs(X), we have

|φ( f )|Cs(X) = sup
x �=x′

|φ( f (x)) − φ( f (x′))|
|x − x′|s ≤ ‖φ′‖L∞[−‖ f‖∞,‖ f‖∞]| f |Cs(X). (3.6)

With the reproducing property (1.1) we know that for any f ∈ HK,

| f (x) − f (x′)| = |〈 f, Kx − Kx′ 〉| ≤ ‖ f‖K

√|K(x, x) − 2Kσ (x, x′) + Kσ (x′, x′)|.
It follows from the kernel condition (2.6) and |π( f )(x) − π( f )(x′)| ≤ | f (x) −
f (x′)| that

|π( f )|Cs(X) ≤ | f |Cs(X) = sup
x,x′∈X

| f (x) − f (x′)|
|x − x′|s ≤ κs‖ f‖K. (3.7)

Taking f = 0 on the right side of (1.3), we have

‖ fz,λ‖K ≤ √φ(0)/λ. (3.8)
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Note from the convexity and the minimal zero 1 of φ that φ(0) ≤ φ(−1) ≤ Cp.
It follows from (2.8), (3.6) and (3.7) that

|φ(π( fz,λ))|Cs(X) ≤ Cq|π( fz,λ)|Cs(X) ≤ Cq| fz,λ|Cs(X) ≤ κsCqC
1
2
pλ− 1

2 .

Then (3.4) holds since (2.7) implies ‖φ(π( fz,σ,λ))‖C(X) ≤ Cp.
Under the assumption (2.4), we have

‖ fλ‖C(X) ≤ κ‖ fλ‖K ≤ κ

√
Cβλ

β−1
2 . (3.9)

It follows from (2.7) and (2.8) that

‖φ( fλ)‖C(X) ≤ Cp max{‖ fλ‖p
C(X), 1} ≤ Cp max{κ pC

p
2
β λ

p(β−1)

2 , 1}.

Applying (3.6) and (3.7), we also get

|φ( fλ)|Cs(X) ≤ Cq max{κqC
q
2
β λ

q(β−1)

2 , 1}κs

√
Cβλ

β−1
2 .

Then we see (3.5) by discussing in two cases of κ
√

Cβλ
β−1

2 ≤ 1 and
κ
√

Cβλ
β−1

2 > 1. ��

Now we can estimate the drift error.

Lemma 4 Assume (2.4), (2.7), (2.8), and (1.4). Then we have

∣∣Eφ
m( fλ) − Eφ( fλ)

∣∣ ≤ C1ωb (m)
{
λ

β−1
2 max{p,q+1} + 1

}
(3.10)

and

∣∣Eφ(π( fz,λ)) − Eφ
m(π( fz,λ))

∣∣ ≤ C2ωb (m)
(
λ− 1

2 + 1
)

(3.11)

where C1 and C2 are constants given by

C1 = Cb C̃b
(
4 + ‖ fρ‖Cs(X)

) (
Cp + Cqκs

κ

){(
κ

√
Cβ

)max{p,q+1}
+ 1

}

C2 = Cb C̃b
(
4 + ‖ fρ‖Cs(X)

) (
κsCqC

1
2
p + Cp

)

with

C̃b :=

⎧⎪⎨
⎪⎩

1
1−b , if 0 < b < 1,

1, if b = 1,
b

b−1 , if b > 1.
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Proof Denote

�i =
∫

Z
φ(yfλ(x))d(ρ(i) − ρ).

Since P(y = 1|x) = (1 + fρ(x))/2 and P(y = −1|x) = (1 − fρ(x))/2, we have

�i =
∫

X

{
1 + fρ(x)

2
φ( fλ(x)) + 1 − fρ(x)

2
φ(− fλ(x))

}
d
(
ρ

(i)
X − ρX

)

≤ 1

2
Cb i−b

{ ∥∥(1 + fρ
)
φ( fλ)

∥∥
Cs(X)

+ ∥∥(1 − fρ
)
φ(− fλ)

∥∥
Cs(X)

}
.

Observe that

‖ fg‖Cs(X) ≤ ‖ f‖C(X)‖g‖Cs(X) + ‖ f‖Cs(X)‖g‖C(X).

Since ‖(1 + fρ)‖C(X) ≤ 2 and ‖(1 + fρ)‖Cs(X) ≤ 2 + ‖ fρ‖Cs(X), we have
∥∥(1 + fρ

)
φ( fλ)

∥∥
Cs(X)

≤ 2‖φ( fλ)‖Cs(X) + (
2 + ‖ fρ‖Cs(X)

) ‖φ( fλ)‖C(X).

The same bound is valid for
∥∥(1 − fρ

)
φ(− fλ)

∥∥
Cs(X)

. Then with the Cs norms
bounded in Lemma 3, we have

�i ≤ Cb i−b (4 + ‖ fρ‖Cs(X)

) (
Cp + Cqκs

κ

){(
κ

√
Cβλ

β−1
2

)max{p,q+1}
+ 1

}
.

Notice that

Eφ
m( fλ) − Eφ( fλ) = 1

m

m∑
i=1

�i.

Then the bound (3.10) follows by applying the following elementary inequality
(which is derived from

∑m
i=1

1
ib ≤ 1 +∑m

i=2

∫ i
i−1 x−b dx ≤ 1 + ∫ m

1 x−b dx) valid
for any b > 0 and m ∈ N

1

1b
+ 1

2b
+ . . . + 1

mb
≤

⎧⎪⎨
⎪⎩

1
1−b m1−b , if 0 < b < 1,

1 + log m, if b = 1,
b

b−1 , if b > 1.

(3.12)

The bound (3.11) is proved in the same way. ��

3.3 Estimating the sample error with non-identical sampling

With proper probability inequalities, bounding the sample error for the non-
identical sampling case has no significant difference from that for the identical
sampling case, which has been extensively studied. Therefore, proofs in this
subsection are simplified because they are similar to those in Chapter 10 of [2].

The following one-side Bernstein inequality is standard.
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Lemma 5 Let {ξi}m
i=1 be independent random variables on a probability space

Z with means {μi} and variances {σ 2
i } satisfying |ξi(z) − μi| ≤ M for each i and

almost all z ∈ Z . Let �2 =∑m
i=1 σ 2

i . Then for every ε > 0,

Prob

{
1

m

m∑
i=1

[ξi − μi] > ε

}
≤ exp

{
− m2ε2

2
(
�2 + 1

3 mMε
)
}

. (3.13)

The sample error involving fλ can be bounded by Lemma 5 as
Proposition 10.18 in [2] by noticing (3.9).

Lemma 6 Assume (2.4), (2.7), and (2.9). With confidence 1 − δ/2, the quantity
[Eφ

z ( fλ) − Eφ
z ( f φ

ρ )] − [Eφ
m( fλ) − Eφ

m( f φ
ρ )] is bounded by

Cβ,p,τ,κ log
4

δ
max

{
λ

p(β−1)

2

m
,

(
1

m

) 1
2−τ

}
+ Eφ

m( fλ) − Eφ
m( f φ

ρ ),

where Cβ,p,τ,κ := 2Cpκ
pCp/2

β + (Cp + 2C1/(2−τ)
τ ).

Lemma 5 cannot be used to bound directly the sample error term involv-
ing fz,λ, since the function depends on the sample z. The probability inequal-
ity we would use should work for a set of functions, not a single one. The
following inequality follows by a standard argument with covering numbers,
as Lemma 10.20 in [2].

Lemma 7 Let 0 ≤ τ ≤ 1, Cτ , M ≥ 0, and G be a set of functions on Z such that
for each g ∈ G and i = 1, . . . , m, μi(g) = ∫Z g(z) dρ(i) ≥ 0, ‖g − μi(g)‖L∞

ρ(i)
≤ M,

and μi(g2) ≤ Cτ (μi(g))τ . Then for any ε > 0,

Prob

⎧⎨
⎩sup

g∈G

1
m

∑m
i=1 μi(g) − 1

m

∑m
i=1 g(zi)√

1
m

∑m
i=1(μi(g))τ + ετ

> 4ε1− τ
2

⎫⎬
⎭

≤ N (G, ε) exp

{
− mε2−τ

2
(
Cτ + 1

3 Mε1−τ
)
}

.

Then we can estimate the sample error part involving fz,λ as follows.

Lemma 8 Assume (2.5), (2.7), (2.8), and (2.9). If λ ≥ m−2/r, then for any
constant 0 < δ < 1, with confidence 1 − δ/2, we have

[Eφ
m(π( fz,λ)) − Eφ

m( f φ
ρ )] − [Eφ

z (π( fz,λ)) − Eφ
z ( f φ

ρ )]

≤ Cp,q,r,τ max

{(
log(2/δ)

m

) 1
2−τ

,

(
1

mλr/2

) 1
r+2−τ

}
+ 1

2

[
Eφ

m(π( fz,λ)) − Eφ
m( f φ

ρ )
]
,

where Cp,q,r,τ := 96
(
max{Cp, Cq, Cr, Cτ , 1})2.
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Proof From (3.8) we know that fz,λ ∈ { f ∈ HK : ‖ f‖K ≤ √
φ(0)/λ

}
. Apply

Lemma 7 to the set

G =
{
φ(yπ( f )(x)) − φ(yf φ

ρ (x)) : ‖ f‖K ≤ √φ(0)/λ
}

satisfying the assumption with M = 2φ(−1). Also, the covering number can be
bounded as N (G, ε) ≤ N (B√

φ(0)/λ, ε/|φ′+(−1)|). We know from Lemma 7 and
the inequality

√(
Eφ

m(π( f )) − Eφ
m( f φ

ρ )
)τ + ετ · 4ε1− τ

2 ≤ 1

2

(
Eφ

m(π( f )) − Eφ
m( f φ

ρ )
)+ 12ε

that with confidence at least 1 − δ/2 there holds for every f ∈ B√
φ(0)/λ,

[Eφ
m(π( f )) − Eφ

m( f φ
ρ )] − [Eφ

z (π( f )) − Eφ
z ( f φ

ρ )] ≤ 12ε∗ + 1

2

[
Eφ

m(π( f )) − Eφ
m( f φ

ρ )
]
,

(3.14)
where ε∗ is the smallest ε satisfying

Cr

(√
φ(0)|φ′+(−1)|√

λε

)r

− mε2−τ

2Cτ + 4
3φ(−1)ε1−τ

≤ log
δ

2
.

This inequality can be written as

εr+2−τ − log
2

δ

4

3m
φ(−1)εr+1−τ − Cr

(√
φ(0)|φ′+(−1)|√

λ

)r
4

3m
φ(−1)ε1−τ

− 2Cτ

m
log

2

δ
εr − Cr

(√
φ(0)|φ′+(−1)|√

λ

)r
2Cτ

m
≥ 0.

By Lemma 7.2 of [2] we know that

ε∗ ≤ max

⎧⎨
⎩log

2

δ

16

3m
φ(−1),

(√
φ(0)|φ′+(−1)|√

λ

)r/(r+1) (
16Cr

3m
φ(−1)

)1/(r+1)

,

(
8Cτ

m
log

2

δ

)1/(2−τ)

,

(√
φ(0)|φ′+(−1)|√

λ

)r/(r+2−τ) (
8Cτ Cr

m

)1/(r+2−τ)

⎫⎬
⎭ .

Since λr/2m ≥ 1 we have

ε∗ ≤ 8
(
max{Cp, Cq, Cr, Cτ , 1})2 max

{(
log(2/δ)

m

)1/(2−τ)

,

(
1

mλr/2

)1/(r+2−τ)
}

.

Putting this bound for ε∗ into (3.14) and taking f = fz,λ, we see that the desired
estimate holds true. ��
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4 Deriving learning rates

Now we can prove our main result on learning rates.
We should put the error bounds got in Lemmas 4, 6 and 8 into (3.2) to derive

the learning rate in Theorem 3.

Proof of Theorem 3 First we apply Lemmas 6 and 8. We know that with
confidence 1 − δ,

{[Eφ
m(π( fz,λ)) − Eφ

m( f φ
ρ )] − [Eφ

z (π( fz,λ)) − Eφ
z ( f φ

ρ )]}
+ {[Eφ

z ( fλ) − Eφ
z ( f φ

ρ )] − [Eφ
m( fλ) − Eφ

m( f φ
ρ )]}

≤ (Cp,q,r,τ + Cβ,p,τ,κ ) log
4

δ
max

{(
1

m

) 1
2−τ

,

(
1

mλr/2

) 1
r+2−τ

,
λ

p(β−1)

2

m

}

+1

2

[
Eφ

m(π( fz,λ)) − Eφ
m( f φ

ρ )
]+ Eφ

m( fλ) − Eφ
m( f φ

ρ ).

Next we combine the above bound with Lemma 4 and (3.2) and (2.4)
and know that with confidence 1 − δ, the quantity Eφ(π( fz,λ)) − Eφ( f φ

ρ ) is
bounded by

(Cp,q,r,τ + Cβ,p,τ,κ ) log
4

δ
max

{(
1

m

) 1
2−τ

,

(
1

mλr/2

) 1
r+2−τ

,
λ

p(β−1)

2

m

}

+ 2C1ωb (m)
{
λ

β−1
2 max{p,q+1} + 1

}
+ C2

2
ωb (m)

(
λ− 1

2 + 1
)

+ Cβλβ

+ 1

2

[
Eφ(π( fz,λ)) − Eφ

m( f φ
ρ )
]
.

Then we observe that

Eφ( f φ
ρ ) − Eφ

m( f φ
ρ ) =

∫
X

{∫
Y

φ(yf φ
ρ (x))dρx(y)

}
d

(
ρX − 1

m

m∑
i=1

ρ
(i)
X

)

≤
∥∥∥∥
∫

Y
φ(yf φ

ρ (x))dρx(y)

∥∥∥∥
Cs(X)

∥∥∥∥∥ρX − 1

m

m∑
i=1

ρ
(i)
X

∥∥∥∥∥
(Cs(X))∗

.

It follows from (3.12) that

Eφ( f φ
ρ ) − Eφ

m( f φ
ρ ) ≤

∥∥∥∥
∫

Y
φ(yf φ

ρ (x))dρx(y)

∥∥∥∥
Cs(X)

Cb C̃bωb (m).
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Thus we see that

Eφ(π( fz,λ)) − Eφ( f φ
ρ ) ≤ C̃ log

4

δ
max

{(
1

m

) 1
2−τ

, λβ,

(
1

mλr/2

) 1
r+2−τ

, ωb (m)

(
1√
λ

)max{(1−β)p,(1−β)(q+1),1}}
,

where

C̃ = 2(Cp,q,r,τ + Cβ,p,τ,κ ) + 8C1 + 2C2 + 2Cβ

+2

∥∥∥∥
∫

Y
φ(yf φ

ρ (x))dρx(y)

∥∥∥∥
Cs(X)

Cb C̃b .

Finally if we take λ = m−γ with γ ≤ 2/r, we know that with confidence
1 − δ,

Eφ(π( fz,λ)) − Eφ( f φ
ρ ) ≤ C̃ log

4

δ
max

{(
1

m

)min{βγ,
1−rγ /2
r+2−τ

}
, ωb (m)m

γ ζ

2

}
.

This proves Theorem 3. ��

Theorems 1 and 2 are concluded from Theorem 3 and Lemma 1.

Proof of Theorem 1 For the hinge loss φh, we can take p = 1, q = 0, τ = 0, and
f φ
ρ = fc. Then ζ = max {p(1 − β), (q + 1)(1 − β), 1} = 1.

Since K ∈ C∞(X × X), r can be arbitrarily small, and m− 2−rγ
2(2+r−τ ) ≤ m− 1

2 +ε

holds.
If b > 1, take γ = 2

1+2β
, then m

γ ζ

2 ωb (m) = m−γβ = m− 2β

1+2β .

If 0 < b < 1, take γ = 2b
1+2β

, then m
γ ζ

2 ωb (m) = m−γβ = m− 2bβ

1+2β .

If b = 1, take γ = 2
1+2β

, then m−γβ < m
γ ζ

2 ωb (m) = m− 2β

1+2β (1 + log m).

With (2.2) and Theorem 3, we can get the result of this theorem with Ch = C̃.
��

Proof of Theorem 2 For the least-square loss φls, we can take
p = 2, q = 1, τ = 1, and f φ

ρ = fρ . Then ζ = max{2(1 − β), 1} =
max {p(1 − β), (q + 1)(1 − β), 1}.

Since K ∈ C∞(X × X), r can be arbitrarily small, and m− 2−rγ
2(2+r−τ ) ≤ m−1+2ε

holds.
If b > 1, take γ = 2

ζ+2β
, then m−γβ = m

γ ζ

2 ωb (m) = m− 2β

ζ+2β .

If 0 < b < 1, take γ = 2b
ζ+2β

, then m−γβ = m
γ ζ

2 ωb (m) = m− 2bβ

ζ+2β .

If b = 1, take γ = 2
ζ+2β

, then m−γβ < m
γ ζ

2 ωb (m) = m
2β

ζ+2β (1 + log m).

Thus, Theorem 2 follows from (2.1) and Theorem 3 with Cls = cφ

√
C̃. ��
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